
Math 565: Functional Analysis
Lecture 23

Matrix representation of bod linear transformations
.

ht His He be Hilbert spaces with ON bases (filjeg and Leities
, resp .

Fix TE BCH
,

Hz).
For each + GHi

,
we have x = z(X

, +j > j ,
so linearity and continuity ,

TX
=&** Tfj,jGj

co (Tfiljej encodes T .
We further ~present Tfj= Tj ,

eisei and demote

Tij : = < Tfi ,
ei),

Lance T is encoded by the matrix (Tighet
, jet ,

which we call the matrix representation
of T (in the bases (filjes , Seilieil .

Compact operators and their spectral theory.

Compact operations.

Def
.
A set i in a hope space X is called precompact if it is contained in a compact st which

is just i if X is Hauschoff).

Prop .
For a metric space

X and YEX
,
TFAE :

(1) Y is precompact (i . e . has compact chesure).

(2) Y is sequentially precompact ,
i

.
e . every sequence was a convergent linx) subsequence.

13) Y is totally bold
,

i
. e .
#CSO - finite cover of i with set of diam 3

. (1 intrinsic

Def
. For Banach spaces X

,
Y

,
a transf. TEB(X

, i) is called compact if it maps bod at

to precompact (3 totallbdd) sets
. Equir , TCBY) is totally bod . Denote their set by B

.
(X

,
4).

Example .
A transf .

TE B(X
,
i) is called finite rank if T(X) is finite dimensional . Finite rank



transformations are compact since bold als in a finite dim space (ie . (h) are

totally bdd .

Prop . For Banach spaces X
,
Y

,
We not Ba(X

, Y) is worm-closed in B(X
,
it.

Proof
. Let (Tu) = Bc(X,

i) and suppose int TEB(X,
4)

.

let 320 and take w large enough
so that IIT-Tulkad/3 .

Let O be a finite cover of in (B) by sets of diams 2/3
,

so Q : = ( T: (4) : PER3 is a finite cores of B.
.

But Men T(Q) :=T(Q) : QCQb
is a finite cover of TCBY) and diamT(Q) < -base : FX ,x'EQ

11 Tx-Txilla Dix-Tax11 + 1Tux-Taxill + 11Tux' - Tx1ll < 43 + 4 + 43 = 9.

Examples. (a) Norm-limits of finite rank transformations are compact
.

16) Let It be a Hilbert space with an ON basis Seilies . Let Xe
*
(1) and define TEBCH)

by Tx :=eiSei ,
10 the es are the eigenvectors of T with eigenvalue 12. .

This indeed

define a bold linear operator basekeisi:la lx
,

so Killlxlld
,
in fact

,in

IITIl = 11 Xall bere Moll : SPIITel ..

T

Prop .
T is compact> him x(i) = 0 (along Fricket filter ,

i
.

e.20
,
Is := iF : Willis

i&

in finitel

Proof
.

=>
. If Is is infinite

,
then ITei : ieFal is an infinite set of rectors with pair-

wire distance IITei-Tejll" = Ux(i)ei - x(i)ej1 = (x(i)) + Will 252
, so

not totally bod.
1

. Sim x(i) = 0 implies that Io : = SiEI : X (i) +Oh is ctbl
,

so might as well assume FIN.
i-&

Then Let Tox := Enebei ,
collTx-Tax= IX,

eisXieileisPlace
izn

-
> Spil

? IX, o

IIT-Tull =SPill-sO as ->&

But the in are finite rank
,
here compact , so i is compact.



Cor
.
If TEBCH is compact and Ceiliet is an ON basis for t of

eigen rectors of
T

with eigenvalues Xi
,
ten lim i = 0

,
in particular , each eigenspace Exi is

in&
finite dimensional

Theorem. For Hilbert spaces
H
1,
Ha

, every compact TEBCHyHz) is a morm-limit of

finite rank transformations.

Proof
.
HW

Cor
.

If TE BCH) is compact then TM is compact as well.

Proof. HW

Pds
.

If S
,TEBCH) and T is compact .

then Sot and ToS are compact.

Proof. Sot is compact bease T maps hold be procompact and s
, being continuous,

maps precompact to precompact. Tos is compact beae s
maps

bold to bod and

T maps bod to precompact.

Remark
.
BCH) is a C

*

-algebra and BeCH) is a worm-closed tro-sided - ideal in B(H).

We nou give an important clas of examples of compact operators.

Hilbert-Schmidt operators.

Def
. LetI be a Hilbert space and Seibies be an ON basis for it

.

Call TEBCH) a Hilbert-

Schmidt operator if
11TIus := 1/TI := 1Tijk)* &

,
where Tij :=Tej , eil .

IITIns = ITI is called the Hilbart-Schmidt norm of
T

.

Obs
. IITI=He



Proof
. IITej = [ke ,

ei
=Elij by Paral ,soT

Obs
.

For TEB(H)
,
IITI = /T* 2.

Proof . Bene Ti = Tej ,
eix = <ej ,

Teix = <Tei
, ej

= Tji.

Prop .

The definition of lik is independent of the voice of an ON basis.

Proof
. Fix two ON bases Keities and stibies. Then by Parseval applied to IlTeil not (fibjes,
IITI

,se:Te=e ,i=l

(Pargeval not Meilie) =Zill=T,T,

Prop .

For
any

linear T : H- > H
,

11T1l : ITI2 CBS

Proof
. Fix am ON basic Elilies. Ther llTxIt= [KTX ,ejs=x ,Tell

= 1Ix)"115* /2 = 1x/"llTIE ·

j7I

Remark
.

IF TGBCH) is Hilbert-Schmidt
,

When there is a separable closed subspace M = H

which is T-invariant (i
.
e

.
T(M) = M) and Tlm+ = D

,
so restricting T to M ,

we might as

wall assume H is separable ·
Indeed

, living an ON basis leibiet ,
ITI implies thatTij to only

for othly many pairs (ii) 12 ,
so Io := hi, jEI : Tij8) is ctbl and M : = spanjeilies

,

is as desired.

Prop .
For

any Hilbert space H
,
Hilbert-Schmidt operators onH are

rempact
.

Proof
. By the last remark

,
we may assume WLOG What H has a ctbl ON basis Seabner. For each neIN,

define Tulej) := Gig
if icn

.

Then IIT-Tul = [ITej >O becase it is the tail of a convergentse-O
.
W.

in

ries .
Thus

,
IIT-TulilIT-Talke SP

,
so T is a limit of finite rank operators ,

heare Tis compact.

Example (L"beruels) .
Let (X

, M) be a refinite measure space. For each KEL(XxX
,expl , the operator

Tr : E(X
,m) -> Y(x

,m) defined by Trf(x):= <kx ,
Es = (R(x, y)f(y)dm(y)

is Hilbert-Schmidt with Nirl : /In . (By Re we many the Fiber-function y13(3))



Proof
. By Fubini ,

IIKI = JIKIdem = (IR) dydx : SIRalda ,
so llkylla & for a

.
e

.

xeX
,

i
.
e. Rxe

((X
, m) Grae

. xEX
.
Thus

,
Tref(x) = < Ky

,
> is defied at a .

l
. xEX. Moreover :

NITrfli = /1 <kx
,FaldM(x) = JIRxIfd : 1/fll? SIkxlldM(x) = 11fllIkI1

,

colITrll-IRII
.

To dow I/Tulk = RI
,

fix an ON basis (eihiet = L(X
,M) and compute :

1ITull = Ellinej= (KKx
,ed =)kid=Ik n ON basis

itI


